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Abstract. In terms of the hypergeometric method, we establish the exten- 
sions of two formulas for l/V due to Ramanujan |27| . Further, other five 
summation formulas for 1/tt with free parameters are also derived in the same 
way. 



1. Introduction 



For a complex number x and an integer n, define the shifted factorial by 

{x) n = r(x + n)/r( x ) 

where T-function is well-defined: 

poo 

T(x) = / t B_1 e _ *(a with Re(x) > 0. 
Jo 

For centuries, the study of 7r-formulas attracts many mathematicians. The corresponding results 
can be found in pQ-[3], [5]-|15] and [18 ] - [30 ] ■ Thereinto, two formulas for 1/tt due to Ramanujan 
1271 can be stated as 



6fc + l 

h^ 3 4fe 



g (j)k(D*(!)*8* + l _ 2V3 

k = 



(fe!) 3 9 k 

Following Bailey [4], define the hypergeometric series by 



(1) 

(2) 



l+r-Fs 



do, Ol, 



(ao)fc(°l)fc ' ' ' ("r)fc fe 
k\(b!) k ---(bs) k 



Then the identity due to Gessel-Stanton [T71 Eq. (1.7)] and Gasper's identity (cf. [16] Eq. (5.23)]) 
can be expressed as 

a, 1 + ^, fj, 1 — b, c, i + a — c + n, —n 



f , ?± ^ ± , 1± ^ ±pi , 1 + a - 2c, 1 + a + 2n, 2c - a - 2n 



2 ' 2 
I+i^ (~\ _i_ <M / 1+a+b 



■c) n (l + ^-c)„ 



(^±§±*)n(l + ^)«(^ - c)„(l + f - C)„ 
3a 1-36 2-36 



3a, 1 + , 3b, 2a + b + n,-n 



3a ^ l+3a+3b ; 3a±2<! , 1 + a - 6, 1 - 3a - 36 - 3n, 1 + 3a + 3n 
(a + 26)„(a + ±) n (a + §)„(a + 1)„ 
(1 + a - 6)„(a + 6)„(o + b + ±)„(a + &+#)„' 



(3) 



(4) 



2010 Mathematics Subject Classification: Primary 33C20 and Secondary 40A15, 65B10 
Key words and phrases. Hypergeometric series; Ramanujan's two formulas for l/7r; Summation 
formula for 1/-7T with free parameters. 

Email addresses: weichuanan@yahoo.com.cn(C. Wei), gongdianxuanOyahoo. com. cn(D. Gong). 



2 



Chuanan Wei, Dianxuan Gong 



The main aim of the paper is to explore the relations of hypergeometric series and 7r-formulas. 
Four summation formulas for 1/tt with free parameters including the extension of |[TJ will be 
derived from Q in section 2. Three summation formulas for 1/tt with free parameters including 
the extension of ^ will be deduced from (J4j in section 3. 



2. Summation formulas for 1/tt with free parameters 
implied by the gessel-stanton identity 



Letting n — > oo for we obtain the following equation: 
5F4 



a, 1 + f ,b, 1 - 6, c I 1 

a l + a + b yl+a _ 2c \ 1 



3 ' 2 > 2 

_ r(i±ff±)r(i + az±)r(i±£ _ c)r (i + f - c) 
~ r(i±2)r(i + f )r(i±|±i _ c )r(i + - c ) ' 

Choosing a = i + 2p, fc = i + 2g and c = i + r in 10 , we achieve the extension of JTJ . 

Theorem 1. For p,q,r £ Z uratfe min{p + ?,p — 9} > 0, t/iere holds the summation formula for 
1/tt with free parameters: 

1 _ i^)p+1-r( 2 )p-1~ r 

^ ( 2 L )fc + 2p(|)fc + 2 9 (|)fc~2q(|)fc + r 6fc + 4p+ 1 

X ^ fc!(fc + P + 9)!(fc + P-9)K|)*+2 P -2r 4 fe+r+1 

When p = q = r = 0, Theorem [JJ reduces to Ramanujan's formula for 1/-7T given by Jl} exactly. 
Other two examples of the same type are displayed as follows. 

Example 1 (p = g = l,r = 2in Theorem [TJ. 

256 _ ^ 6k + 5 

Example 2 (p = q = 2, r = 4 in Theorem [TJ. 

16384 _ ^ (|)| 2fc + 3 
315?r ~ ^ (fc!) 2 (fc + 4)! 4 fc 

Making a = | + 2p, = | + 2q and c = 5 + r in {5J, we attain the identity. 

Theorem 2. For p, q, r 6 Z wif/i min{p + q + 1, p — q} > 0, t/iere holds the summation formula 
for 1/tt with free parameters: 

1 _ (^P+l-r+li^P^l^r 



X 



E 



k 



(f )fe+2p(f )fc+2 9 (— |)fe-2 5 (|)fc+r 6fc + 4p + 3 
— = = = 1(3) _ 4 k+r+l ■ 



fe!(fe + p + q + l)!(fe + p - ?)!(§ )fe+2p-2r 



Two examples from Theorem [2] are laid out as follows. 

Example 3 (p = q = 0,r=lin Theorem [2j. 

3^ _ (|)fc 2k + 1 

3tt ~j^(fc!) a (fc + l)! 4 k 

Example 4 (j) = q = 1, r = 3 in Theorem [2J. 



2048 _ ^ (|)| 6fc + 7 
15tt ~ (fc!) 2 (fc + 3)! 4 fe 



Taking a = ^ + 2p, = ^ + 2q in |[5{ and then letting c — > —00, we get the identity. 
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Theorem 3. For p, q S Z with min{p + q, p — q} > 0, there holds the summation formula for 1/tt 
with free parameters: 

4P+ 1 = y, (|)fc +2p (|)fc+2,(|)fc-2 g 6fc + 4p + l 
V2tt ~ k\(k + p + q)l(k + p - q)\ (-8) fe 



Two examples from Theorem [3] are displayed as follows. 

Example 5 (p = q = in Theorem [3). 

_ ^2, (|)| 6fc + l 
t " fco (fcO 3 (-8) fc ' 

Example 6 (p = q = 1 in Theorem [3). 

32^2 _ y (|)fc(-f)fc 6fc + 5 
3^ _ ^ (fc!) 2 (fc + 2)! (-8)*' 



Setting a = ^ + 2p, 6 = | + 2q in J5)l and then letting c — > — oo, we gain the identity. 

Theorem 4. For p, q S Z wiWi min{p + q + 1, p — q} > 0, tftere holds the summation formula for 
1/tt with free parameters: 

4"+ 2 = y (|)fc+2 P (|)fc+2 g (-|)fc-2g 6fc + 4p + 3 
V2tt ^ Q k\(k + p + q + iy.(k+p-q)\ (-8) fc 



Two examples from Theorem [4] are laid out as follows. 

Example 7 (p = q = in Theorem |4)| ■ 

8y / 2_ y, (|) 2 fc (-|) fc 2fc + l 
Svr ^ (fc!) 2 (fc + l)! (-8)*' 

Example 8 (p = 5 = 1 in Theorem l4t ■ 

128^ _ y, (l)l(-f)fc 6fc + 7 
IStt _ ^ (fc!) 2 (fc + 3)! (-8)*' 



3. Summation formulas for 1/tt with free parameters 
implied by Gasper's identity 



Letting n — > 00 for fit , we obtain the following equation: 



5-P4 



3a, 1 



, 35 



1-36 2-36 
2 ' 2 
l+3a+36 3a+3b 



4 

r(i- 



2 > 2 

)r(o + 6)r(a + 6 + |)r(o + b + |) 



r(a + 26)r(a + |)r(o- 



|)r(a + i) 



(6) 



Choosing a = g + p and ft = i + q in fj}} , we achieve the extension of f5} . 

Theorem 5. For p,q S Z wtt/t min{p + q,p — q} > 0, traere holds the summation formula for 1/tt 
urai/i /ree parameters: 

2(-l)' J ^ (|)fc+3p(|)fc+3<j(|)2fc-3<j 8fc + 6p+l 

3 39- 1 ~ ~ V2/p+2 9 ^ fc!(fc + p - q)!(2fc + 3p + 3q)! 9* ' 



When p = q = 0, Theorem|5]reduces to Ramanujan's formula for 1/tt offered by J2J exactly. Other 
two examples of the same type are displayed as follows. 

Example 9 (p = q = 1 in Theorem l5ll ■ 

1024^3 _ y (f )fc(-|k(-f)fc 8fc + 7 
4057r ~ t^o ( fc! ) 2 (^ + 3)! 9 fc 



4 



Chuanan Wei, Dianxuan Gong 



Example 10 (p = q = 2 in Theorem 0. 

524288x73 _ ( j #)fc(-x)fc(~|)fc 8fc + 13 
7577955vr ~ ^ (fc!) 2 (fc + 6)! 9 fc 

Taking a = i + p and b = ^ + q in , we attain the identity. 

Theorem 6. For p,q S Z wii/i min{p + q,p — q} > 0, Wtere holds the summation formula for 1/n 
with free parameters: 

4(-l)g _ / In y\ (|)fc+3 P (|)fc+3 9 (-|)2fc-3 g 8fc + 6p + 3 

339+Jtt V2V p +2 9 +i^ ) fc!(fc + p-g)!(2A: + 3p + 3(j + 2)! 9 fc 

Two examples from Theorem [6] are laid out as follows. 

Example 11 (p = q = in Theorem |6j. 

16x73 _ y\ (|)fc(— |)fc(|)fc 8fc + 3 
3t (fc!) 2 (fc + l)! 9 fc 

Example 12 (p = g = 1 in Theorem 

8192x73 _ y, (|)fc(-|)fc(-|) fc 8fc + 9 
8505tt ~ (fc!) 2 (fc + 4)! 9 fc 

Setting a = ^ + p and b = | + g in J6j , we get the identity. 

Theorem 7. For p,q S Z min{p + g + 1, p — g} > 0, there holds the summation formula for 
1/n with free parameters: 

8(-l) IJ ^ (f )fe+3p(f )fc+3g(-|)2fc-3 ? 8fc + 6p + 5 

3 3.3+ 1 „- ~ V2/p+2 9 +2 ^ fc!(fc + p - g)!(2fc + 3p + 3q + 4)! 9^ ' 

Two examples from Theorem [7] are displayed as follows. 

Example 13 (p = q = in Theorem [7)1. 

128x/3 = y\ (|)fc(-|)fc(-j)fc 8fc + 5 
27tt (fc!) 2 (fc + 2)! 9 fe 

Example 14 (p = q = 1 in Theorem 0. 

65536x73 _ y, (^)fc(-|)fc(-|)fc 8fc + 11 
229635tt ~ (fc!) 2 (fc + 5)! 9 k 

Remark: With the change of the parameters, Theorems I U7I can produce more concrete formulas 
for 1/n. We shall not lay them out here. 
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